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Abstract

This survey investigates the characteristic flow, heat transfer and

chemical reaction of Weissenberg and Williamson over a stretching

sheet with thermal radiation and viscous dissipation. The nonlinear

differential equation of the thermal boundary layer, which covers the

physical problem, is derived and used to transform its equations into

a system of higher nonlinear ordinary differential equations with
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similarity. The resulting non-monthly equation system is numerically 
solved using the explicit Runge-Kutta technique with the shooting 
technique. The behavior of the favorite physical parameters with 
different values in the speed profile, heat transfer, concentration of 
nanoparticles, skin friction, Nusselt number and Sherwood number 
has been discussed and graphically analyzed. 

Nomenclature 
  u, v  Velocity components       Electrical conductivity 
  u, y  Cartesian coordinates      n Power index 
     T  Temperature of nanofluid   BD  Brownian motion coefficient 
     C  Nanoparticle volume fraction   TD  Thermophoresis coefficient 
       Kinematic viscosity    rq  Radiative heat flux 
       Density of fluid    Stefan-Boltzmann constant 
    K  Thermal conductivity  k  Mean absorption coefficient 
       Dynamic viscosity    C The nanoparticle volume fraction 
  pc   The specific heat at constant  

pressure 
 rq  Radiative heat flux of the 

nanofluid 
  q    Non-uniform heat source/sink    R Radiation parameter 
   M  Magnetic parameters   Ec Eckert number 
  We  Weissenberg number   Nb Brownian motion parameter 
      Williamson number   Nt Thermophoresis parameter 
  Pr  Prandtl number   Le Lewis number 

1. Introduction 
This study aims at to reach the fluid flow of Weissenberg and 

Williamson, analyze thermal energy and chemical reactions in thermal 
radiation and viscous dissipation stretching plates. A third order of nonlinear 
ordinary differential equation corresponds to the momentum equation and a 
second order of nonlinear differential equation corresponds to the thermal 
energy and a second order of nonlinear differential equation corresponds           
to the chemical reaction. Numerical results for the different values                 
of dimensional parameters of the problem are shown and illustrated 
graphically. 
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In this application, the heat transfer rate from the plate is important 

because it directly affects the quality of the products. Fluids like water, 
ethylene glycol and engine oil, however, have limited thermal conductivity 
due to their low thermal conductivity, while metals have much higher heat 
transfer capacities than these fluids. Higher thermal transfer leading solid 
particles in a conventional heat transfer fluid can therefore improve the 
thermal conductivity of the resulting fluid. With a number of industrial 
production processes, the production of sheet material increases and includes 
metal and polymer sheets. The first investigator, Crane [1], analyzed the 
fluid flow caused by a plate stretching. 

Weissenberg and Williamson are the non-Newtonian fluid models that 
can predict stress relief effects. The model of Williamson was studied by 
Williamson [2], Dapra and Scarpi [3], and Nadeem and Akbar [4]. Nadeem 
and Hussain [6] investigated Williamson fluid flow by using the homotopy 
analysis method to solve the nonlinear flow equation system. Later, Gorla 
and Gireesha [7] investigated the fluid flow and heat transfer stagnation 
point of a Williamson nanofluid on a linear stretching/shrinking sheet with 
convective limits. Some authors like Hayat et al. [8], on the other hand, 
studied Weissenberg fluid flow past a convectively heated stretching           
plate and demonstrated that the material parameter improves the speed 
profiles. Jenny et al. [9] concluded the Rayleigh-Bénard convection                 
roll flow in Weissenberg fluids and investigated Weissenberg fluid            
momentum and thermal energy. Jasmine Benazir et al. [10] studied an 
unstable magnetohydrodynamic flow due to vertical cone with non-uniform 
heat generation/absorption. Numerical simulation via the homotopy 
perturbation method for a thin liquid film over an unsteady stretching sheet 
was studied in [11]. Kumar et al. [12] studied the variable conductivity 
influence of cone in the presence of chemical reactions on hydrodynamic 
convection fluid flow. The flow and thermal energy of Carreau-Casson 
fluids over stretching plates with internal heat source/sink and radiation was 
investigated at [13, 14]. In [15-17], numeric study of MHD Casson fluid  
was studied. Studying the flow and heat transfer of viscous fluids over       
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the variable thickness stretch sheet can be more relevant for practical 
applications. 

No attempt has been made to investigate the steady boundary layer of 
Weissenberg and Williamson liquid film in the presence of radiation and 
viscous dissipation over a stretching sheet. This work is presented to study 
the behavior of the flow, temperature profile and chemical reaction of 
Weissenberg and Williamson over a sheet with thermal radiation and viscous 
dissipation. In this study, numerical results of the speed profile, thermal 
energy and concentration distributions of nanoparticles are concluded.     
The skin friction coefficient, local number of Nusselt and local number of 
Sherwood are also finished. 

2. Mathematical Model 
Consider the two-dimensional incompressible, stable, laminar fluid flow 

under an electrically conductive fluid that moves at a constant speed over a 
stretching sheet at WU  speed. The coordinate system along the x-axis and        
y-axis horizontal sheets is perpendicular to the surface. Parallel to the y-axis, 
a transverse magnetic force field 0B  is applied. There is no voltage and a 
small magnetic field is applied, which eliminates the magnetic field and Hall 
effects. The function of variable plate surface permeability is defined by 

,avffV ww   where fw is the physical suction/injection parameter, with 
0fw  representing the transpiration (suction) rate at the stretching surface, 
0fw  corresponding to injection and 0fw  for plate. 

In view of the equation of momentum, mass, thermal balance and 
concentration of nanoparticles for Weissenberg and Williamson, the 
following may be formulated as: 

,0 yx vu  (1) 
    ,22

13 222 uxBuuvnuvunvuvuuu yyyyyyyyyx   (2) 
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yyTyyByx TT
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with the related boundary conditions: 
  ,0xUxUu w     ,xVv     ,wTT     wCC    at ,0y  (5) 

,0u    ,0v    , TT     CC   at ,Y  (6) 
where u and v represent the components of speed along the x-axis and          
y-axis directions, wT  and wC  are thermal energy and nanoparticles volume 
fractions on the surface, T and C are the free flow temperature and 
nanoparticles volume fractions, ρ is the density, K is the thermal 
conductivity,   is the dynamic viscosity, pc  is the specific energy              
at constant pressure,  is electric conductivity, BD  is the Brownian 
movement coefficient, TD  is the thermophoresis coefficient, rq  

 43 3434   TTTk  is the radiative heat flux, where the Stefan-
Boltzmann constant and the mean absorption coefficient, respectively, are 
  and ,k  respectively, C is the nanoparticle volume fraction. Using 

stream function  ,, yx  with defining similarity transformations: 
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The governing equations covering our problem with its related limits are 

transformed into nonlinear ordinary differential equations as:  
,02

13 22 


  ffnffnWefMffff  (7) 




  fPrfPrfPrR3
41  

  ,0222  NtPrNbPrfMfEcPr  (8) 
  0  NtffNbLeNb  (9) 

with its associated limitation conditions 
  ,0 wff       ,10 f      ,00       ,00   (10) 
  ,0f      ,0      ,0  

,0
20
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where n, M, We, , Pr, R, Ec, Nb, Nt and Le are power index, parameter           
of the magnetic field, Weissenberg number, Williamson number, Prandtl 
number, radiation parameter, Eckert number, Brownian motion parameter, 
thermophoresis parameter and Lewis number, respectively. The local 
coefficient of skin friction, the local Nusselt number and the local Sherwood 
number are therefore defined as 
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Consequently, the below dimensionless variables can be formulated: 

          ,0202
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where . xuRe wx  

3. Numerical Result and Discussion 
In order to solve and investigate favorable physical parameters and 

numbers, firstly we convert the original ordinary differential equations         
(7)-(9) with boundary conditions (10) and (11) into a system of first-order 
ordinary differential equals by letting: 

      syyfyyyfyyfyf w  0,10,0,,, 32132211  
gives 

,2
13 33323222313 yynyynwemyyyyyf 
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   ,
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  ,00, 77  yy  
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where s, t, U and V are the missing initial conditions. 
An explicit Runge-Kutta integration scheme is used exponentially to 

zero until the boundary conditions at infinity decline. The maximum value of 
  to each set of parameters is evaluated when the values of unknown 

boundary conditions at 0  do not change to a successful loop with error 
less than .10 5  

To analyze and discuss a physical problem, thermos-physical parameters 
were used to study the effect of viz., the power index n, the magnetic 
parameter M, the radiation parameter R, the Prandtl number Pr, the number 
Weissenberg We, Williamson number , the Eckert number Ec, the Lewis 
number Le, suction/injection parameter fw, the thermophoresis parameter         
Nt and the Brownian motion parameter Nb upon the nature of flow and 
transport. The numerical results are shown graphically and tabularly as 
Figures 1-9. Our results were compared with the results of some other 
researches, Fang et al. [19], Khader and Megahed [20], Reddy et al. [21], 
and we are confident that the results as shown in Table 1 are very accurate. 
Table 1. Comparison results for skin friction  0f   for 0We  and 

0M  
Fang et al. [19] Khader and Megahed [20] Reddy et al. [21] Present result 

1.0000 1.0000 1.0000084 1.00006253 
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Figure 1. Influence of magnetic field M on velocity, heat and nanoparticle 
concentration profiles. 

 
Figure 2. Influence of power index n on velocity, heat and nanoparticle 
concentration profiles. 

 
Figure 3. Influence of Weissenberg number We velocity, heat and 
nanoparticle concentration profiles. 
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Figure 4. Influence of Williamson number   on velocity, heat and 
nanoparticle concentration profiles. 

Figures 1-4 depict the influence of magnetic parameter M, power index 
n, and the Weissenberg number We on velocity profile  ,f     and 
 ,  respectively. Figure 1 shows that with the increase of the magnetic 

field, both the fluid velocity and thermal energy will grow while 
nanoparticles concentration profiles are observed in reverse behavior. Figure 
2 shows that with the increase of the power index, both the speed profile and 
the concentration of nanoparticles will decrease while at the same time, 
behavior is observed on the temperature profile, Figure 3 shows that the 
Weissenberg have the same power index behavior. Figure 4 describes that 
the increase in the number of Williamson increases the speed profile but 
decreases the thermal energy and the concentration of nanoparticles. 

 
Figure 5. Influence of Eckert number Ec on velocity, heat and nanoparticle 
concentration profiles. 
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Figure 6. Influence of Prandtl number Pr on velocity, heat and nanoparticle 
concentration profiles. 

 
Figure 7. Influence of radiation parameter R on velocity, heat and 
nanoparticle concentration. 

Figures 5-7 depict the effect of Eckert number Ec, Prandtl number          
Pr, and radiation parameter R on velocity profile  ,f     and  ,  
respectively. Figure 5 shows that the increase in the magnetic field increases 
both the fluid velocity and the heat transfer, while the opposite behavior is 
observed on the concentration profiles of nanoparticles with no effect on the 
velocity profile. Figure 6 describes that the Prandtl heat transfer number 
increases with growth and the concentration of nanoparticles increases 
without any influence on the speed profile. In Figure 7, we conclude that 
with a high radiation parameter value, thermal energy increases while 
reducing the concentration profiles of nanoparticles without affecting the 
speed profile. 
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Figure 8. Influence of Brownian motion parameter Nb on velocity, heat and 
nanoparticle concentration profiles. 

 
Figure 9. Influence of thermophoresis parameter Nt on velocity, heat and 
nanoparticle concentration profiles. 

 
Figure 10. Lewis number Le influence on the concentration profiles of 
velocity, heat and nanoparticles. 
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Figures 8-10 describes the influence of the Brownian motion parameter      

Nb, thermophoresis parameter Nt and Lewis number Le on velocity profile 
 ,f     and  ,  respectively. Figure 8 shows that the Brownian 

magnetic motion parameter rises, heat transfer will be increased while the 
nanoparticle concentration profile characteristic is observed with no effect 
on the speed profile. Figure 9 describes that the temperature profile increases 
with the growth of the thermophoresis parameter, with no velocity effect. In 
Figure 10, we show that with a high Lewis number value, the velocity profile 
and thermal energy remain unchanged, but the concentration of nanoparticles 
is decaying. 

4. Conclusion 
The behavior of the fluid flow, thermal energy and chemical reaction           

of Weissenberg and Williamson over a stretching sheet with radiation is 
investigated. The nonlinear differential equation of momentum equation, 
heat transfer and concentration profile covering the physical problem is 
numerically formulated and resolved. In addition, we discuss the influence     
of favorable physical numbers and parameters. The main results are shown 
below: 

(a) Power index, Weissenberg number and Williamson number are 
positive speed profile coefficients, but the magnetic field has a reverse 
effect. 

(b) Magnetic field, Eckert number, radiation parameter, Brownian 
movement parameter and thermophoresis parameter are positive thermal 
energy coefficients, but power index, Weissenberg number, Williamson 
number and Prandtl numbers have the opposite effect. 

(c) The magnetic field, the Prandtl numbers and the thermophoresis 
parameter are positive coefficients on the concentration profiles of 
nanoparticles, but the power index, the Weissenberg number, the Williamson 
number, the Eckert number, the radiation parameter, the Brownian motion 
parameter and the thermophoresis parameter have the opposite effect. 
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